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Abstract
We construct new concrete examples of small knots in closed 3-manifolds. That is to say, we
construct new examples of compact 3-manifolds with boundary a single torus in which there is no
closed embedded essential surface.
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1. Introduction
Let M denote a compact orientable 3-manifold. A closed orientable surface F
embedded in M is essential if F is a 2-sphere not bounding a 3-ball in M , or if F is
incompressible and is not parallel in M to any component of ∂M . A 3-manifoldM is small
if there is no closed essential surface embedded in M . A closed irreducible 3-manifold M
is Haken if there is a closed essential surface embedded in M . A knot K in a closed 3-
manifold M is small if its complement c(M − N(K)) is a small 3-manifold, otherwise,
K is large in M . A closed orientable 3-manifold M is said to admit a Σ semi-bundle
structure if Σ is a closed orientable surface in M and if Σ splits M to two components,
each of which is a twisted I-bundle over a closed non-orientable surface H . If M admits a
Σ semi-bundle structure, then a double cover of M admits a Σ bundle structure over S1.
See [24] and [25]. If M admits a Σ semi-bundle structure such that H is a Klein bottle and
Σ is a torus, then M is called a sapphire space. See [17]. In this paper, we construct small
knots in most sapphire spaces.
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The notion of small knots appeared in the proof of Smith Conjecture [16]. This notion
has been used in Culler–Shalen theory [22,2,3], and in the theory of Heegaard splitting
[18,21]. The followings are some examples of small knots in S3.
Theorem 1.1 [11]. Torus knots in S3 are small.
Note that small non-hyperbolic knots in S3 are torus knots. A knot K in a closed 3-
manifold M is hyperbolic if M − N(K) admits a complete hyperbolic structure of finite
volume. A knot K in M is hyperbolic if c(M −N(K)) is irreducible and is not a Seifert
fibered manifold, and if there is no essential torus in c(M − N(K)). See, for example,
Proposition 3 in [22].
Theorem 1.2 [10,8]. 2-bridge knots in S3 are small.
Theorem 1.3 [19]. Montesinos knots with length three in S3 are small.
Theorem 1.4 [1]. Let K be a knot in S3. Suppose that K has either a closed 3-braid
representative with braid word (σ1σ2)3n−1σ 21 , or a closed 4-braid representative with braid
word (σ1σ2σ3)4n−1σ 21 , where σi (i = 1, . . . ,m− 1) denotes the standard generator of the
m-string braid group Bm, and n is a non-zero integer. Then K is small.
On the other hand, many classes of knots in S3 are known to be large. See, for instance,
[5,6,15,23]. As for small knots in closed 3-manifolds other than S3, Lopez made the
following conjecture in [13,14].
Conjecture 1.5. There exists a small knot in every closed small 3-manifold.
We remark that each of sapphire spaces we construct in this paper contains exactly one
closed essential surface. See Theorem 1.11.
Lopez states, in [14, Theorem A], that every Seifert fibered 3-manifold over the 2-
sphere with at most three singular fibers contains infinitely many small hyperbolic knots.
However, his proof appears to be incomplete. Specifically, the assertion on [14, p. 133]
that “ bounds a disk (shadowed in Fig. 10(a))” is not clear. So the question whether there
exists a small hyperbolic knot in every closed small Seifert fibered 3-manifold is still open.
Lopez made the following two observations in [14].
Remark 1.6. Let M be a closed 3-manifold with rankH1(M;Q) 2. Then every knot in
M is large.
Remark 1.7. Let M be a closed 3-manifold, and K be a small knot in M . Let γ denote a
slope on the torus ∂N(K;M), and M(K;γ ) denote the 3-manifold that is obtained from
M by Dehn surgery on K along γ . Then K(γ ), which is the core curve of the surgered
solid torus, is a small knot in M(K;γ ). A corollary stated in [9] shows that this closed
3-manifold M(K;γ ) is small for all but a finite number of slopes γ .
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Concerning Remark 1.6, Lopez announced in [14] the following theorem proved in his
thesis, showing that the condition in Remark 1.6 is not sharp.
Theorem 1.8 [12]. There exist closed Haken 3-manifolds M with H1(M;Q)= 0 such that
every knot in M is large.
We construct, in Theorem 1.11, closed Haken 3-manifolds M with H1(M;Q)= 0 such
that there exist small knots in M . Reid [20] showed that we can construct closed hyperbolic
Haken 3-manifolds M with H1(M;Q)= 0 such that every knot in M is large. His method
can be applied to prove the following theorem.
Theorem 1.9 [20]. There exist closed hyperbolic Haken 3-manifolds M with rankH1(M;
Q)= 1 such that every knot in M is large.
Concerning Remark 1.7, the following theorem gives us examples of 3-manifolds which
cannot be obtained by Dehn surgery on any knot in S3, and which contain a small knot.
Note that fibered knots of genus one in S3 are the trefoil knots and the figure-eight knot.
Theorem 1.10 [4,7]. Suppose that a closed 3-manifold M contains a fibered knot K such
that the fiber surface of K is a once-punctured torus. Suppose also that there is no essential
torus in the complement c(M −N(K)). Then K is a small knot in M .
Let M(K;0) be the 3-manifold which is obtained from the manifold M , satisfying the
suppositions of Theorem 1.10, by Dehn surgery on K along the boundary of the fiber
surface. Then M(K;0) admits a torus bundle structure over S1. The knot K(0), which is
the core curve of the surgered solid torus, may be regarded as a loop which is transverse to
every fiber of the torus bundle structure over S1 of M(K;0).
In the following theorem, where a manifold admits a torus semi-bundle structure, we
use a similar construction of knots as in the above paragraph. We construct new examples
of small knots in closed 3-manifolds, or, equivalently, new examples of small 3-manifolds
with boundary a single torus. Our main theorem is the following.
Theorem 1.11. There exist infinitely many closed Haken 3-manifoldsM with H1(M;Q)=
0 which satisfy the following properties:
(i) there exists a small hyperbolic knot K in M ,
(ii) the complement c(M − N(K)) does not admit a once-punctured torus bundle
structure over S1,
(iii) the manifold M cannot be obtained by Dehn surgery on any knot in S3, and
(iv) there exists exactly one closed essential surface in M .
The manifold M in Theorem 1.11 is a sapphire space, and the knot K may be regarded
as a union of two arcs, each of which is a vertical arc in a twisted I-bundle structure over a
Klein bottle H on each side of the torus Σ . The following section, Section 2, is devoted to
describing precisely the knot K and the 3-manifold M in Theorem 1.11.
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2. The manifold Mϕ and the knot KϕnLet Σj (j = 1,2) be a Klein bottle, and let Mj be a twisted I-bundle over Σj , where I
denotes the unit interval [0,1]. This manifoldMj admits two Seifert fibrationsF τ and Fλ,
where F τ fibers over the disc with two singular fibers, each of index two, and Fλ fibers
over the Möbius band without singular fibers. See Examples VI.5(d) in [11]. Let P denote
S1 × I , and let f denote the homeomorphism of P to itself defined by f (exp(iθ), t) =
(exp(−iθ),1− t), where S1 denotes the unit circle {exp(iθ) | θ ∈ [−π,π]} in the complex
plane, and t ∈ I . The manifold Mj is obtained from P × I by identifying (x,0) with
(f (x),1) for every x ∈ P . Every point in Mj is represented as [x,u], which is the image
of (x,u) ∈ P × I . Then Σj is described as {[(exp(iθ), 12 ), u] | θ ∈ [−π,π], u ∈ I }. Let Aτj
be a properly embedded annulus in Mj which is the union of {[(exp( iπ2 ), t), u] | t, u ∈ I }
and {[(exp(− iπ2 ), t), u] | t, u ∈ I }, and letAλj be a properly embedded annulus inMj which
is described as {[x, 12 ] | x ∈ P }. Note thatAτj is separating, and Aλj is non-separating in Mj .
Let V 1j and V 2j be the components of Mj separated by A
τ
j . Each of V
1
j and V 2j is a solid
torus. Let Σkj (k = 1,2) be the Möbius band Σj ∩ V kj which is properly embedded in V kj .
Let Γ τj (respectively Γ λj ) be the slope on the torus ∂Mj to which boundary components
of the annulus Aτj (respectively Aλj ) belong. Note that a fiber of F τ (respectively Fλ) in
∂Mj belong to Γ τj (respectively Γ λj ). Let τj and λj denote simple closed curves on ∂Mj
such that τj and λj represent the slopes Γ τj and Γ
λ
j , respectively, and that τj intersects λj
transversely in exactly one point. We may regard τj and λj as elements of the fundamental
group π1(∂Mj )∼= 〈τj , λj | τjλj = λj τj 〉 of the torus ∂Mj . Let Φ = [Φ1 Φ2Φ3 Φ4
]
be an element
of GL(2;Z). We denote by ϕ an orientation-reversing homeomorphism ϕ : ∂M2 → ∂M1
that induces an isomorphism ϕ∗ :π1(∂M2)→ π1(∂M1) satisfying ϕ∗(τ2)=Φ1τ1 +Φ2λ1
and ϕ∗(λ2)= Φ3τ1 +Φ4λ1. Then a closed 3-manifold Mϕ is obtained from the union of
M1 and M2 when ∂M1 and ∂M2 are identified via ϕ. These 3-manifolds Mϕ are called
sapphire spaces. The classification of sapphire spaces are given in [17] as follows.
Theorem 2.1 [17]. LetΦ andΦ ′ be elements of GL(2;Z), and letMϕ andMϕ′ be sapphire
spaces which correspond to Φ and Φ ′, respectively. Then Mϕ is homeomorphic to Mϕ′ if
and only if the matrix Φ ′ is equal to ±Φ±1, ±ΨΦ±1, ±Φ±1Ψ or ±ΨΦ±1Ψ , where
Ψ = [ 1 00 −1
]
.
Remark 2.2. Proposition 1.6 in [17] says that Mϕ is irreducible, and that the torus
ϕ(∂M2)= ∂M1 is essential in Mϕ . Therefore Mϕ is a Haken manifold.
Remark 2.3. These 3-manifolds Mϕ cannot be obtained by Dehn surgery on knots in S3
because rankH1(Mϕ;Z2) 2.
Suppose that Φ1Φ2Φ3Φ4 = 0, that is, ϕ satisfies ϕ(Γ τ2 ) = Γ λ1 , ϕ(Γ τ2 ) = Γ τ1 , ϕ(Γ λ2 ) =
Γ λ1 and ϕ(Γ
λ
2 ) = Γ τ1 on the torus ϕ(∂M2)= ∂M1.
Remark 2.4. Proposition 1.6 in [17] shows that H1(Mϕ;Q)= 0 when Φ1Φ2Φ3Φ4 = 0.
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Let k1 be an essential arc on the annulus Aτ in M1. Suppose that k1 is isotopic on1
Aτ1 fixing its boundary to a vertical arc which is described as {[(exp(iθ1), t), u1] | t ∈ I }
for some θ1 ∈ [−π,π] and u1 ∈ I . Choose a vertical arc v2 on Aτ2 which is described as{[(exp(iθ2), t), u2] | t ∈ I } for some θ2 ∈ [−π,π] and u2 ∈ I . Suppose that each of the
two points ∂v2 on ∂M2 is not identified by ϕ with ∂k1 on ϕ(∂M2)= ∂M1. Let kn2 (n ∈ Z)
be an essential arc on the annulus Aτ2 in M2 such that k
n
2 intersects v2 algebraically n
times transversely on Aτ2, and that the two points ∂k
n
2 are identified by ϕ with ∂k1 on
ϕ(∂M2)= ∂M1. It follows that Kϕn = k1 ∪ kn2 is a knot in Mϕ .
Theorem 2.5. Let Mϕ and Kϕn be the 3-manifold and the knot constructed as above,
respectively. Then
(i) the knot Kϕn is small and hyperbolic in Mϕ ,
(ii) the complement c(Mϕ − N(Kϕn )) does not admit a once-punctured torus bundle
structure over S1, and
(iii) there exists exactly one closed orientable essential surface, which is the torus
ϕ(∂M2)= ∂M1, in Mϕ .
Theorems 2.1 and 2.5 together with Remarks 2.2, 2.3 and 2.4 prove Theorem 1.11.
Remark 2.6. It is not known whether Kϕm is ambient isotopic to Kϕn in Mϕ when m = n.
3. Incompressible and ∂-incompressible surfaces in M1 − k1
Let M denote a connected compact, irreducible, orientable 3-manifold with boundary
∂M . Let (G, ∂G) be a surface properly embedded in (M,∂M). A disc δ, which is
embedded in M such that δ ∩ G = ∂δ is a simple closed curve on G, is a compressing
disc of G if ∂δ does not bound a disc on G. A surface (G, ∂G) is incompressible in
(M,∂M) if there is no compressing disc of G in M . Let S be a subsurface of ∂M . A disc δ,
which is embedded in M such that δ ∩G= ∂δ ∩G is a properly embedded arc on G, that
δ ∩ ∂M = ∂δ ∩ S is a properly embedded arc on S, and that ∂δ consists of these two arcs
∂δ∩G and ∂δ∩S, is a ∂-compressing disc of G towards S if no component of G cut along
the arc ∂δ ∩G is a disc. A surface (G, ∂G) is ∂-incompressible towards S in (M,∂M) if
there is no ∂-compressing disc of (G, ∂G) towards S in (M,∂M).
Suppose that there is a closed essential surface F embedded in c(Mϕ −N(Kϕn )). Each
of the manifoldsΛ1 = c(M1−N(k1;M1)) and Λn2 = c(M2−N(kn2 ;M2)) is a genus two
handlebody, and each of the surfaces ∂0Λ1 = c(∂M1−N(k1;M1)) and ∂0Λn2 = c(∂M2−
N(kn2 ;M2)) is a twice-punctured torus. Note that ∂0Λ1 = c(∂Λ1 − (∂N(k1;M1)∩Λ1)),
∂0Λn2 = c(∂Λn2 − (∂N(kn2 ;M2) ∩ Λn2)) and ∂0Λ1 = ∂0Λn2, and that ∂0Λ1 (respectively
∂0Λ
n
2) is incompressible in Λ1 (respectively Λn2). We use the notation Mi (i = 1,2),
k1, A
τ
1 , Λ1, k
n
2 , A2 and Λ
n
2 to denote also the images of Mi , k1, A
τ





Λn2, respectively, in M
ϕ
. We may isotope F in c(Mϕ − N(Kϕn )) so that the surface
F1 = F ∩M1 is incompressible in Λ1, and that F2 = F ∩M2 is incompressible in Λn2.
Since F is embedded in c(Mϕ −N(Kϕn )), ∂F1 (respectively ∂F2) is contained in ∂0Λ1
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(respectively ∂0Λn2). Isotope F in c(Mϕ−N(Kϕn )) so that F1 is ∂-incompressible towards
∂0Λ1 in Λ1. We say that F satisfies the condition (∗) if F1 is incompressible in Λ1, if F2
is incompressible in Λn2, and if F1 is ∂-incompressible towards ∂0Λ1 in Λ1.
Let B1 denote the surface c(Aτ1 −N(k1;M1)) in M1. This surface B1 is a disc properly
embedded in Λ1, and B1 separates Λ1 to two solid tori V 11 ∩Λ1 and V 21 ∩Λ1. See Fig. 1.
Isotope F so that F intersects B1 transversely. We assume that |F ∩B1| is minimal among
all essential surfaces F in c(Mϕ −N(Kϕn )) which satisfy the condition (∗). Since F1 is
incompressible in Λ1, we may assume that there is no loop component of F ∩B1.
Lemma 3.1. Suppose that an arc c1 of F ∩ B1 together with a subarc c2 of ∂B1 ∩ ∂0Λ1
cobounds a disc dB on B1. Then F is isotopic in c(Mϕ −N(Kϕn )) to F ′ which satisfies
the condition (∗) and |F ′ ∩B1|< |F ∩B1|.
Proof. Without loss of generality, we may assume (intdB) ∩ F = ∅. Since F1 is ∂-
incompressible towards ∂0Λ1 in Λ1, a subarc c3 of ∂F1 together with c1 cobounds a disc
dF on F1. Since ∂0Λ1 is incompressible in Λ1, the union of discs dB ∪ dF shows that the
loop c2 ∪ c3 bounds a disc dΛ on ∂0Λ1. The union dB ∪ dF ∪ dΛ bounds a 3-ball Q in
Λ1, because a genus two handlebody Λ1 is irreducible. Isotope F along Q to F ′. Then F ′
satisfies the condition (∗) and |F ′ ∩B1|< |F ∩B1|. ✷
Remark 3.2. The intersection ∂B1 ∩ ∂0Λ1 consists of two arcs. By Lemma 3.1, every
component of F ∩ B1 on B1 is an arc which connects these two arc components of
∂B1 ∩ ∂0Λ1.
Lemma 3.3. Let c1 be a subarc of ∂F1 on ∂0Λ1 ∩ V i1 (i = 1,2) such that both endpoints
of c1 are contained in one component of ∂B1 ∩ ∂0Λ1. Suppose that the arc c1 and a subarc
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c2 of ∂B1 ∩ ∂0Λ1 cobound a disc d on ∂0Λ1 ∩V i1 . Then F is isotopic in c(Mϕ −N(Kϕn ))
to F ′ which satisfies the condition (∗) and |F ′ ∩B1|< |F ∩B1|.
Proof. Without loss of generality, we may assume (intd) ∩ F = ∅. Let b and b′ be the
arcs of F ∩ B1 such that b contains one of the two points c1 ∩ c2, and that b′ contains
the other point. Note that each of b and b′ connects two arc components of ∂B1 ∩ ∂0Λ1
by Remark 3.2. Isotope F along d to F ′. Then the union of b and b′ is changed to
an arc of F ′ ∩ B1 which satisfies the supposition of Lemma 3.1. So F ′ is isotopic in
c(Mϕ − N(Kϕn )) to F ′′ which satisfies the condition (∗) and |F ′′ ∩ B1| < |F ′ ∩ B1| =
|F ∩B1| − 1. ✷
Let ∆i (i = 1,2) be a disc properly embedded in V i1 ∩Λ1 such that ∆i cuts V i1 ∩Λ1 to
a 3-ball P i . Assume that ∂∆i consists of an arc on V i1 ∩ (∂N(k1;M1)∩Λ1), an arc on B1
and two arcs on ∂0Λ1 ∩ V i1 . See Fig. 2. Assume also that ∆i ∩B1 is disjoint from F ∩B1,
and that the arc ∆1 ∩ B1 is identified with ∆2 ∩ B1 on B1. We define a complexity of F
with respect to ∆1 ∪∆2, denoted by C1(F,∆), as the pair (|F ∩ B1|, |F ∩ (∆1 ∪∆2)|).
We suppose that C1(F,∆) has the lexicographic ordering, and that C1(F,∆) is minimal
among all essential surfaces F in c(Mϕ −N(Kϕn )) which satisfy the condition (∗). Since
F1 is incompressible in Λ1, we may assume that there is no loop component of F ∩∆i .
Similar arguments as in the proof of Lemma 3.1 prove the following lemma.
Lemma 3.4. Suppose that an arc of F ∩∆i together with a subarc of ∂∆i ∩∂0Λ1 cobounds
a disc on ∆i . Then F is isotopic in c(Mϕ −N(Kϕn )) to F ′ which satisfies the condition
(∗) and C1(F ′,∆) < C1(F,∆).
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Remark 3.5. Since ∆i ∩B1 is disjoint from F ∩B1, every component of F ∩∆i on ∆i is
an arc which connects two arc components of ∂∆i ∩ ∂0Λ1 by Lemma 3.4.
Let B and B ′ denote the components of B1 separated by the arc ∆1 ∩ B1 =∆2 ∩ B1.
We denote the images of B and B ′ on ∂P i also by B and B ′, respectively. Let ∆ and ∆′
denote discs on ∂P i which are the images of ∆i in V i1 ∩Λ1, and let Q and Q′ denote the
connected components of the image of ∂0Λ1 on ∂P i . See Fig. 3. Similar arguments as in
the proof of Lemma 3.3 prove the following lemma.
Lemma 3.6. Suppose that an arc of ∂F1 ∩ Q (respectively ∂F1 ∩ Q′) together with a
subarc of ∂∆ ∩Q or ∂∆′ ∩Q (respectively ∂∆ ∩Q′ or ∂∆′ ∩Q′) cobounds a disc on
Q (respectively Q′). Then F is isotopic in c(Mϕ − N(Kϕn )) to F ′ which satisfies the
condition (∗) and C1(F ′,∆) < C1(F,∆).
Let f denote a connected component of F ∩ P i . Since F1 is incompressible in Λ1, f
is incompressible in P i , and f is a disc properly embedded in P i . The boundary ∂f is
embedded in the surface B ∪B ′ ∪∆∪∆′ ∪Q∪Q′ = ∂P i − (P i ∩ (∂N(k1;M1)∩Λ1)).
Note that ∂f is disjoint from the arcs ∆∩B and ∆′ ∩B ′ on ∂P i because ∆i ∩B1 is disjoint
from F ∩B1.
Lemma 3.7. Suppose that there are at least two components of ∂f ∩ Q (respectively
∂f ∩Q′ ) on Q (respectively Q′). Then F is isotopic in c(Mϕ − N(Kϕn )) to F ′ which
satisfies the condition (∗) and C1(F ′,∆) < C1(F,∆).
Proof. Let γ1, γ2 be arcs of ∂f ∩Q on Q, and α be an embedded arc on Q which connects
γ1 and γ2. We may assume α ∩ f = α ∩ (γ1 ∪ γ2) = ∂α. The 2-sphere ∂P i is separated
by ∂f to two discs, and the arc α is properly embedded in one of these two discs. Let
β be a properly embedded arc in f with ∂α = ∂β . The loop α ∪ β bounds a disc δ in
the 3-ball P i . Since F1 is incompressible in Λ1, we may assume that there is no loop
component of (int δ) ∩ F1 in δ. By rechoosing f , if necessary, we may assume that there
is no arc component of (int δ) ∩ F1 on δ. So we may assume (int δ) ∩ F1 = ∅. Isotope
F in c(Mϕ −N(Kϕn )) to F ′ along δ. Since F1 is ∂-incompressible towards ∂0Λ1, there
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is a component f ′ of F ′ ∩Λ1 which is a properly embedded disc in Λ1. Since ∂0Λ1 is
incompressible in Λ1, f ′ is ∂-parallel into ∂0Λ1. Isotope F ′ to F ′′ in c(Mϕ −N(Kϕn )) so
that f ′ is isotoped into M2 along the ∂-parallelism in Λ1. Then F ′′ satisfies the condition
(∗), and the number of points of ∂(F ′′ ∩ M1) ∩ (∂B1 ∪ ∂(∆1 ∪ ∆2)) is strictly less
than that of ∂F1 ∩ (∂B1 ∪ ∂(∆1 ∪ ∆2)), and |∂(F ′′ ∩ M1) ∩ ∂B1|  |∂F1 ∩ ∂B1| and
|∂(F ′′ ∩M1) ∩ ∂(∆1 ∪ ∆2)|  |∂F1 ∩ ∂(∆1 ∪ ∆2)|. By Remarks 3.2 and 3.5, we have
C1(F ′′,∆) < C1(F,∆). The same arguments as above prove the case of Q′. ✷
By Lemmas 3.1, 3.3, 3.4, 3.6 and 3.7, every connected component f of F ∩P i belongs
to one of the following six types of discs (see Fig. 4);
f1: the boundary consists of four arcs, each of which lies on B,∆,Q,Q′;
f2: the boundary consists of four arcs, each of which lies on B ′,∆′,Q,Q′;
f3: the boundary consists of four arcs, each of which lies on B,∆′,Q,Q′;
f4: the boundary consists of four arcs, each of which lies on B ′,∆,Q,Q′;
f5: the boundary consists of four arcs, each of which lies on B,B ′,Q,Q′;
f6: the boundary consists of four arcs, each of which lies on ∆,∆′,Q,Q′.
Let ga denote a disc properly embedded in V i1 ∩Λ1 (i = 1,2) such that ga ∩P i consists
of one disc of type f3 and one disc of type f4 in P i . Let gb denote a disc properly embedded
in V i1 ∩Λ1 such that gb∩P i consists of one disc of type f5 in P i . Let gc denote an annulus
properly embedded in V i1 ∩Λ1 such that gc ∩ P i consists of two discs of type f6 in P i .
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Lemma 3.8. We may assume that every connected component of F ∩ (V i ∩Λ1) (i = 1,2)1
is isotopic to a disc of type ga or of type gb , or an annulus of type gc in V i1 ∩Λ1.
Proof. Let g denote a connected component of F ∩ (V 11 ∩ Λ1). Suppose that the
intersection g ∩ P 1 consists of αk discs of type fk in P 1 (k = 1, . . . ,6). If α1 = 0 and
α2 = 0, then α1 = α2 = 1 and α3 = α4 = α5 = α6 = 0. The disc g and two subdiscs
of ∂V 11 ∩ ∂0Λ1 together with a subdisc of B1 cobound a 3-ball in V 11 ∩ Λ1. Isotope F
along this 3-ball to F ′. Then F ′ satisfies the condition (∗) and |F ′ ∩ B1| < |F ∩ B1|, so
C1(F
′,∆) < C1(F,∆). Therefore we may suppose α1 = 0 or α2 = 0.
Suppose that α1, say, is not equal to zero and α2 is equal to zero. A disc of type f1,
a subdisc of Q and a subdisc of Q′ together with a subdisc of B and a subdisc of ∆
cobound a 3-ball in P 1. Isotope F in c(Mϕ−N(Kϕn )) along this ball to F ′. Let g′ denote
the component of F ′ ∩ (V 11 ∩Λ1) which is the image of g. A disc of type f3 (respectively
type f6) which shared an arc on ∆1 with a disc of type f1 of g ∩ P 1 is changed to a disc
of type f5 (respectively type f4) of g′ ∩ P 1 in P 1 by this isotopy. Hence we may assume
that g′ ∩ P 1 contains no disc of type f1 or of type f2 in P 1, so α1 = α2 = 0. Note that F ′
satisfies the condition (∗) and C1(F ′,∆)= C1(F,∆), and that this isotopy may increase
the number of discs of type f1 and of type f2 in V 21 .
Suppose α3 = 0 and α4 = 0. Then α3 = α4 = 1 and α5 = α6 = 0, and g is isotopic to a
disc of type ga in V 11 ∩Λ1.
In the following, we suppose α3 = 0 or α4 = 0. Note that at least one of α5 and α6 is
equal to zero, because g is a properly embedded surface in V 11 ∩Λ1.
Suppose α5 = α6 = 0. Considering the number of intersections g ∩∆1 in V 11 ∩Λ1, we
have α3 = α4 = 0.
Suppose α5 = 0. Considering the number of intersections g ∩∆1 in V 11 ∩Λ1, we have
α3 = α4 = 0. Then α5 = 1, and g is isotopic to a disc of type gb in V 11 ∩Λ1.
Suppose α6 = 0. Considering the number of intersections g ∩∆1 in V 11 ∩Λ1, we have
α3 = α4 = 0. Since g is an orientable surface in V 11 ∩Λ1, α6 = 2. Hence g is isotopic to
an annulus of type gc in V 11 ∩Λ1.
The same arguments as above prove the case of F ∩ (V 21 ∩Λ1) in V 21 ∩Λ1. ✷
Let ht denote an annulus properly embedded in Λ1 such that ht ∩ (V 11 ∩Λ1) consists
of one disc of type ga in V 11 ∩Λ1, and that ht ∩ (V 21 ∩Λ1) consists of one disc of type
ga in V 21 ∩ Λ1. Let hic (i = 1,2) denote an annulus properly embedded in Λ1 which is
isotopic to an annulus of type gc in V i1 ∩Λ1. Let hs denote an annulus properly embedded
in Λ1 such that hs ∩ (V 11 ∩ Λ1) consists of one disc of type gb in V 11 ∩ Λ1, and that
hs ∩ (V 21 ∩Λ1) consists of one disc of type gb in V 21 ∩Λ1. Let h(2,2m) (m 0) denote
an annulus properly embedded in Λ1 such that h(2,2m)∩ (V i1 ∩Λ1) consists of two discs
of type ga and 2m discs of type gb in V i1 ∩Λ1, and that h(2,2m)∩ (V k1 ∩Λ1) consists of
2m+ 2 discs of type gb in V k1 ∩Λ1 for (i, k)= (1,2) or (2,1).
Proposition 3.9. A surface F1 = F ∩M1 in M1 consists of annuli of type ht and one of the
following surfaces:
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(1) annuli of type hs ,
(2) annuli of type h(2,2m) (m 0),
(3) annuli of type h(2,2m) and annuli of type h(2,2m+ 2) (m 0),
(4) annuli of type h1c and of type h2c , or
(5) annuli of type hic and annuli of type h(2,0).
Proof. First suppose that there are no annuli of type gc in F ∩ (V 11 ∩ Λ1) and
F ∩ (V 21 ∩ Λ1). Let X1,X2, . . . ,Xx be discs of type ga in F ∩ (V 11 ∩ Λ1), and
Y1, Y2, . . . , Yy be discs of type gb in F ∩ (V 11 ∩ Λ1), which are numbered consec-
utively. Let T be an embedded arc in B1 which connects two components of B1 ∩
(∂N(k1;M1) ∩ Λ1). We assume that T intersects each component of F ∩ B1 ex-
actly once transversely. We orient T so that we encounter the intersections of T with
X1,X2, . . . ,Xx,Y1, Y2, . . . , Yy,Y1, Y2, . . . , Yy,Xx,Xx−1, . . . ,X1 in this order when we
proceed on T in the positive direction from one endpoint of T . Let W1,W2, . . . ,Ww be
discs of type ga in F ∩ (V 21 ∩Λ1), and Z1,Z2, . . . ,Zz be discs of type gb in F ∩ (V 21 ∩Λ1)
which are numbered consecutively. We assume that we encounter the intersections of
T with W1,W2, . . . ,Ww,Z1,Z2, . . . ,Zz,Z1,Z2, . . . ,Zz,Ww,Ww−1, . . . ,W1 in this or-
der when we proceed on T in the positive direction from one endpoint of T . Suppose
x  w  1. Then X and W ( = 1, . . . ,w) form an annulus of type ht in M1. In the
following, we suppose w = 0. Considering the number of intersection F ∩ B1, we have
x + y = z.
First suppose x = 0. Then every connected component of F1 is Y ∪ Z for  =
1,2, . . . , y = z. Therefore a surface F1 in M1 satisfies the property (1) of Proposition 3.9.
Next suppose x = 0.
Claim 3.10. The number x is even.
Proof. We associate a positive normal to each component of F ∩ (V 11 ∩Λ1) and F ∩ (V 21 ∩
Λ1) which is induced from a positive normal to F in Mϕ . By the construction of a disc of
type ga , if the direction of the positive normal to Xp (p = 1, . . . , x) agrees (respectively
disagrees) with the orientation of T at one intersection point of Xp ∩T , then they disagree
(respectively agree) at the other intersection of Xp ∩ T . By the construction of a disc
of type gb , if the direction of the positive normal to Yq (q = 1, . . . , y) agrees (respectively
disagrees) with the orientation of T at one intersection point of Yq ∩T , then they also agree
(respectively disagree) at the other intersection. Similarly, if the direction of the positive
normal to Zr (r = 1, . . . , z) agrees (respectively disagrees) with the orientation of T at
one intersection point of Zr ∩ T , then they also agree (respectively disagree) at the other
intersection. Let h be a connected component of F1. If the number of discs of type ga in
h∩ (V 11 ∩Λ1) is odd, then h is non-orientable and is a Möbius band. Since each component
of F1 is orientable, the number of discs of type ga in h ∩ (V 11 ∩Λ1) is even. This shows
that x is even. ✷
Claim 3.11. The number y is even.
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Proof. Suppose that y is odd and y = ξx+2ζ −1, where ξ  0 and ζ  1 are integers and
x > 2ζ−1. Let h be a connected component of F1 which contains the discXζ . The discXζ
in V 11 ∩Λ1 connects the discsZζ and Z(ξ+1)x+ζ in V 21 ∩Λ1, and Yηx+ζ (η= 0,1, . . . , ξ) in
V 11 ∩Λ1 connects Z(η+1)x+ζ and Zηx+ζ in V 21 ∩Λ1. Therefore the component h consists
of Xζ , Yζ , Yx+ζ , . . . , Yξx+ζ and Zζ , Zx+ζ , . . . ,Z(ξ+1)x+ζ , and h is a Möbius band. This
contradicts the fact that each component of F1 is orientable. ✷
Suppose y = ξx , where ξ  0 is an integer. Then the disc Xp in V 11 ∩ Λ1 (p =
1, . . . , x/2) connects the discs Zp and Z(ξ+1)x−p+1 in V 21 ∩ Λ1, Xx−p+1 connects
Zx−p+1 and Zξx+p, Yqx+p (q = 0,1, . . . , ξ − 1) connects Z(q+1)x+p and Zqx+p, and
Y(q+1)x−p+1 connectsZ(q+2)x−p+1 andZ(q+1)x−p+1. Therefore the connected component
Up of F1 which contains Xp consists of Xp , Xx−p+1; Yp , Yx+p, . . . , Y(ξ−1)x+p; Yx−p+1,
Y2x−p+1, . . . , Yξx−p+1; Zp, Zx+p, . . . ,Zξx+p and Zx−p+1, Z2x−p+1, . . . ,Z(ξ+1)x−p+1.
Hence Up is an annulus of type h(2,2ξ). The surface F1 consists of U1, . . . ,Ux/2, and
satisfies the property (2) of Proposition 3.9.
Suppose y = ξx + 2ζ , where ξ  0 and ζ > 0 are integers and x > 2ζ . The
disc Xp in V 11 ∩ Λ1 (p = 1, . . . , ζ ) connects the discs Zp and Z(ξ+1)x+2ζ−p+1 in
V 21 ∩ Λ1, X2ζ−p+1 connects Z2ζ−p+1 and Z(ξ+1)x+p, Yqx+p (q = 0,1, . . . , ξ) con-
nects Z(q+1)x+p and Zqx+p, and Yqx+2ζ−p+1 connects Z(q+1)x+2ζ−p+1 and Zqx+2ζ−p+1.
Therefore the connected componentUp of F1 which containsXp consists ofXp,X2ζ−p+1;
Yp,Yx+p, . . . , Yξx+p; Y2ζ−p+1, Yx+2ζ−p+1, . . . , Yξx+2ζ−p+1; Zp,Zx+p, . . . ,Z(ξ+1)x+p
and Z2ζ−p+1,Zx+2ζ−p+1, . . . ,Z(ξ+1)x+2ζ−p+1. The component Up is an annulus of
type h(2,2ξ + 2). The disc X2ζ+r (r = 1, . . . , x/2 − ζ ) in V 11 ∩ Λ1 connects discs
Z2ζ+r and Z(ξ+1)x−r+1 in V 21 ∩Λ1, Xx−r+1 connects Zx−r+1 and Zξx+2ζ+r , Ysx+2ζ+r
(s = 0,1, . . . , ξ − 1) connects Z(s+1)x+2ζ+r and Zsx+2ζ+r , and Y(s+1)x−r+1 con-
nects Z(s+2)x−r+1 and Z(s+1)x−r+1. Therefore the connected component Vr of F1
which contains X2ζ+r consists of X2ζ+r , Xx−r+1; Y2ζ+r , Yx+2ζ+r , . . . , Y(ξ−1)x+2ζ+r ;
Yx−r+1, Y2x−r+1, . . . , Yξx−r+1;Z2ζ+r ,Zx+2ζ+r , . . . ,Zξx+2ζ+r andZx−r+1,Z2x−r+1, . . . ,
Z(ξ+1)x−r+1. The component Vr is an annulus of type h(2,2ξ). The surface F1 consists of
U1, . . . ,Uζ and V1, . . . , Vx/2−ζ , and satisfies the property (3) of Proposition 3.9.
Next suppose that there are annuli of type gc in both F ∩ (V 11 ∩Λ1) and F ∩ (V 21 ∩Λ1).
Note that there are no discs of type gb in F ∩ (V 11 ∩Λ1) and F ∩ (V 21 ∩Λ1). Since an
annulus of type gc is disjoint from B1, the number of discs of type ga in F ∩ (V 11 ∩Λ1)
is equal to that of type ga in F ∩ (V 21 ∩Λ1). Then these discs of type ga in V 11 ∩Λ1 and
V 21 ∩Λ1 form annuli of type ht in Λ1. The surface F1 consists of annuli of types ht , h1c
and h2c , and satisfies the property (4) of Proposition 3.9.
Finally suppose that there are annuli of type gc in exactly one of F ∩ (V 11 ∩ Λ1)
and F ∩ (V 21 ∩ Λ1), say in F ∩ (V 11 ∩ Λ1). Note that there are no discs of type gb in
F ∩ (V 11 ∩Λ1). Let X1,X2, . . . ,Xx be discs of type ga in V 11 ∩Λ1 which are numbered
consecutively. Let W1,W2, . . . ,Ww be discs of type ga in V 21 ∩Λ1, and Z1,Z2, . . . ,Zz be
discs of type gb in V 21 ∩Λ1 which are numbered consecutively. If w  1, then x  1, and
X and W (= 1, . . . ,w) form an annulus of type ht in Λ1. Suppose w = 0. Considering
the number of intersection F ∩ B1, we have x = z. If x = z = 0, then F1 consists of
annuli of type h1c , and satisfies the property (4) of Proposition 3.9. If x = z  1, then
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similar arguments as above show that the connected component Up of F1 which contains
Xp (p = 1, . . . , x/2) consists of Xp,Xx−p+1, Zp and Zx−p+1. The component Up is an
annulus of type h(2,0). Therefore the surface F1 consists of U1, . . . ,Ux/2 and annuli of
type h1c in V 11 ∩Λ1, and satisfies the property (5) of Proposition 3.9.
Since every connected component of F ∩ (V i1 ∩Λ1) (i = 1,2) is isotopic to a disc of
type ga or gb , or an annulus of type gc in V i1 ∩Λ1 by Lemma 3.8, a surface F1 is one of
the surfaces listed in Proposition 3.9. ✷
Recall thatΣi1 (i = 1,2) is a Möbius band properly embedded in V i1 , thatΣ1 =Σ11 ∪Σ21
is a Klein bottle in M1, and that k1 intersects Σ1 transversely in exactly one point.
Then Λ1 may be regarded as a twisted I-bundle over a once-punctured Klein bottle
c(Σ1 − N(k1 ∩ Σ1;Σ1)), and c(∂Λ1 − ∂0Λ1) may be regarded as an I-bundle over
a circle ∂N(k1 ∩ Σ1;Σ1). By the constructions of k1, Σ11 and Σ21 , the intersection
Σ11 ∩ B1 =Σ21 ∩ B1 is an arc. We denote this arc Σ11 ∩ B1 by χ . This arc χ is properly
embedded in c(Σ1 −N(k1 ∩Σ1;Σ1)).
Let ρa be a properly embedded arc in Σi1 such that ∂ρa is contained in χ , and that an
I-bundle over ρa is isotopic to a disc of type ga in V i1 ∩Λ1. See Fig. 5. Let ρb be a properly
embedded arc in Σi1 such that ∂ρb is contained in χ , and that an I-bundle over ρb is isotopic
to a disc of type gb in V i1 ∩Λ1. Let ρic be a simple closed curve embedded in Σi1 such that
an I-bundle over ρic is isotopic to an annulus of type hic in V i1 ∩Λ1.
Let ρt be a simple closed curve embedded in c(Σ1 −N(k1 ∩Σ1;Σ1)) such that ρt is
a union of one arc of type ρa in Σ11 and one arc of type ρa in Σ
2
1 , and that an I-bundle over
ρt is isotopic in Λ1 to an annulus of type ht . Let ρs be a simple closed curve embedded in
Fig. 5.
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c(Σ1 −N(k1 ∩Σ1;Σ1)) such that ρs is a union of one arc of type ρb in Σ1 and one arc1
of type ρb in Σ21 , and that an I-bundle over ρs is isotopic in Λ1 to an annulus of type hs .
Let ρ(2,2m) be a simple closed curve embedded in c(Σ1 − N(k1 ∩Σ1;Σ1)) such that
ρ(2,2m)∩Σi1 consists of two arcs of type ρa and 2m arcs of type ρb , that ρ(2,2m)∩Σk1
consists of 2m+ 2 arcs of type ρb , and that an I-bundle over ρ(2,2m) is isotopic in Λ1 to
an annulus of type h(2,2m), where (i, k)= (1,2) or (2,1).
Let ρ be a simple closed curve on Σ1 which is isotopic on Σ1 to a simple closed
curve of type ρs and which intersects χ twice transversely. Let χ ′ denote a subarc
of χ on c(Σ1 − N(k1 ∩ Σ1;Σ1)) such that ∂χ ′ is contained in ρ. See Fig. 6(1).
A once-punctured disc Θ is obtained from c(Σ1 − N(k1 ∩ Σ1;Σ1)) by cutting along
ρ ∪ χ ′. By the construction of simple closed curves of types ρic, ρt , ρs and ρ(2,2m)
on c(Σ1 − N(k1 ∩ Σ1;Σ1)), we see the images of these simple closed curves on Θ
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Since a simple closed curve of type ρ1c is isotopic to a simple closed curve of type ρ2c
on the Klein bottle Σ1, an annulus of type h1c is isotopic in M1 to an annulus of type h2c .
Similarly an annulus of type h(2,2m) is isotopic in M1 to an annulus of type h1c for every
m  0. Note that an annulus of type h1c is isotopic in M1 to the annulus Aτ1, and that an





and ∂h(2,2m) on the torus ∂M1 have the same slope as Γ τ1 , and components of ∂hs on
∂M1 have the same slope as Γ λ1 .
Remark 3.12. Every incompressible orientable surface properly embedded in M1 is
isotopic to an annulus of type h1c or of type hs by Theorem VI.34 in [11].
We remark a construction of a simple closed curve of type ρ(2,2m) from a simple
closed curve of type ρic on the once-punctured Klein bottle c(Σ1 − N(k1 ∩ Σ1;Σ1)).
Let ρ denote a simple closed curve on the Klein bottle Σ1 such that ρ is isotopic on
Σ1 to a simple closed curve of type ρs , that the point k1 ∩ Σ1 is contained in ρ, and
that ρ intersects a simple closed curve of type ρ(2,2m) transversely in two points. Let
ρc denote a simple closed curve of type ρ1c or ρ2c on c(Σ1 − N(k1 ∩ Σ1;Σ1)) such
that ρ intersects ρc transversely in two points. A simple closed curve of type ρ(2,0)
on c(Σ1 − N(k1 ∩ Σ1;Σ1)) is obtained from ρc by an isotopy of the two short arcs
ρc ∩ N(ρ;Σ1) along ρ on Σ1 such that each of the two short arcs passes the point
k1 ∩ Σ1 once. Similarly we obtain a simple closed curve of type ρ(2,2m) (m  0) on
c(Σ1 − N(k1 ∩ Σ1;Σ1)) from ρc by an isotopy of the two short arcs ρc ∩ N(ρ;Σ1)
along ρ on Σ1 such that each of the two short arcs passes the point k1 ∩Σ1 (m+ 1) times.
4. Proof of Theorem 2.5, I
In this section, we prove Theorem 2.5(i) and (iii). Let F be a closed orientable essential
surface embedded in c(Mϕ −N(Kϕn )). Isotope F in c(Mϕ −N(Kϕn )) so that F satisfies
the condition (∗), that is, so that F1 = F ∩M1 is incompressible and ∂-incompressible
towards ∂0Λ1 in Λ1, and that F2 = F ∩M2 is incompressible in Λn2. So the surface F1
is one of the surfaces described in Proposition 3.9. Let λt , λic , λs , λ(m) (i = 1,2;m 0)
denote the numbers of annuli of types ht , hic, hs , h(2,2m) in F ∩Λ1, respectively. We
define a complexity C(F) of F to be the triplet (
∑∞
m=0(m+ 1) · λ(m), λ1c + λ2c + λs , λt ).
By Proposition 3.9, at most two of λ(m)’s are non-zero, so the sum
∑∞
m=0(m+ 1) · λ(m)
is finite. We suppose that the complexity C(F) is ordered lexicographically, and that
C(F) is minimal among all essential surfaces F in c(Mϕ − N(Kϕn )) which satisfy the
condition (∗).
4.1. The case where F1 consists of annuli of type ht
Proposition 4.1. Suppose that F1 consists only of annuli of type ht in M1. Then F is
isotopic in c(Mϕ −N(Kϕn )) to F ′ which satisfies the condition (∗) and C(F ′) < C(F).
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Proof. Let h1t , . . . , hxt be annuli of type ht of F1. Let P and Q ( = 1, . . . , x) be the
components of ∂ht on ϕ(∂M2)= ∂M1. We assume that P1 (respectivelyQ1) bounds a disc
on ∂M1 which contains a point kp (respectively kq ) of k1 ∩ ∂M1, and that P (respectively
Q) ( = 2,3, . . . , x) bounds a disc on ∂M1 which contains the disc bounded by P−1
(respectively Q−1). See Fig. 7.
Recall that k1 is an essential arc on Aτ1 and is isotopic fixing ∂k1 in A
τ
1 to a vertical arc
in M1 =Σ1×˜I , and that kn2 is an essential arc on the annulus Aτ2 in M2 such that the two
points ∂kn2 on ∂M2 are identified by ϕ with ∂k1 on ∂M1. Recall also that A2 denotes the
image of Aτ2 in M
ϕ
. Let ∂pA2 and ∂qA2 be components of ∂A2 on the torus ϕ(∂M2) =
∂M1 such that ∂pA2 (respectively ∂qA2) contains the point kp (respectively kq ). Isotope
∂A2 on ϕ(∂M2) = ∂M1 so that ∂pA2 (respectively ∂qA2) intersects P (respectively Q)
twice transversely and does not intersect Q (respectively P) for  = 1, . . . , x . Let p
and p′ (respectively q and q ′) be the points of ∂pA2 ∩ P (respectively ∂qA2 ∩Q) as
illustrated in Fig. 8. Since F2 is disjoint from kn2 and is incompressible in Λn2 , we may
assume that each component of F ∩A2 is a properly embedded arc in A2 disjoint from the
arc kn2 .
Lemma 4.2. Suppose that there is an outermost arc of F ∩ A2 on A2 which connects
either p and p+1, p′ and p′+1, q and q+1, or q ′ and q ′+1. Then F is isotopic in
c(Mϕ −N(Kϕn )) to F ′ which satisfies the condition (∗) and C(F ′) < C(F).
Proof. Let γ be an outermost arc of F ∩A2 which connects p and p+1 on A2, and let d
be the corresponding outermost disc on A2 which is cobounded by γ and a subarc of ∂pA2.
Let aj (respectively bj ) (j = 1, . . . , x− 1) denote the annulus on ϕ(∂M2)= ∂M1 which is
cobounded by Pj and Pj+1 (respectivelyQj and Qj+1). Isotope a along d , and we obtain
a disc δ embedded in Λn2 such that ∂δ is contained in F2. Since F2 is incompressible in Λ
n
2,
the component U of F2 whose boundary components contain P and P+1 is an annulus
which is ∂-parallel to a in Λn2. Isotope F to F
′ so that U is isotoped into M1 along the




t of F1 are changed
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to a component U ′ of F ′ ∩M1 in Λ1 such that U ′ is an annulus which is ∂-parallel to b
in Λ1. Isotope F ′ to F ′′ so that U ′ is isotoped into M2 along the ∂-parallelism between
U ′ and b in Λ1. Then F ′′ ∩M1 consists of x − 2 annuli of type ht . It follows that F ′′
satisfies the condition (∗) and C(F ′′) < C(F). The same arguments as above prove the
other cases. ✷
Lemma 4.3. Suppose that there are two arcs γ and γ ′ of F ∩ A2 such that γ connects




Proof. Let dp and dq be discs on ϕ(∂M2) = ∂M1 which are bounded by P1 and Q1,
respectively. The disc dp (respectively dq ) is separated by ∂A2 to two subdiscs d1p and
d2p of dp (respectively d1q and d2q of dq ). We assume that dip and diq are contained in V i2
(i = 1,2). Let dA be the disc on A2 cobounded by γ , γ ′ and two subarcs of ∂A2 such that
kn2 is contained in dA. Isotope the union d
1
p∪d1q ∪dA slightly off kn2 , and we obtain a disc δ1
in V 12 ∩Λn2 such that ∂δ1 is contained in F2. Similarly we obtain a disc δ2 in V 22 ∩Λn2 from
the union d2p ∪ d2q ∪ dA such that ∂δ2 is contained in F2. Since F2 is incompressible in Λn2,
the discs δ1 and δ2 show that the component of F2 whose boundary components contain P1
and Q1 is isotopic to the annulus ∂N(kn2 ;M2)∩Λn2 . This annulus together with the annulus
h1t in M1 forms a torus which is isotopic to ∂N(K
ϕ
n ;Mϕ) in c(Mϕ −N(Kϕn )). ✷
By Lemmas 4.2 and 4.3, we may assume that every component of F ∩ A2 on A2 is
an arc which connects either p and p′, or q and q ′ for = 1, . . . , x . Let γ p be the arc
of F ∩ A2 connecting p and p′, and γ q be the arc of F ∩ A2 connecting q and q ′.
Let δp (respectively δ
q




 ) and a
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subarc of ∂pA2 (respectively ∂qA2). Isotope F along δpx and δqx to F (1). Since F ∩M2 is
incompressible in Λn2 , F
(1) ∩M2 is incompressible in Λn2. Isotope F (j) (j = 1, . . . , x− 1)
along δpx−j and δ
q
x−j to F (j+1). Then F (x) ∩A2 = ∅, and F (x) ∩M2 is incompressible in
Λn2.
Let Di (i = 1,2) denote a meridian disc of V i2 such that ∂Di consists of two arcs
of A2 and two arcs of c(∂V i2 − A2). Since F (x) ∩ M2 is incompressible in Λn2 and
F (x) ∩A2 = ∅, we may assume that each component of Di ∩F (x) is a properly embedded
arc in Di whose endpoints are contained in ∂Di ∩ c(∂V i2 − A2). Let P i (respectively
Qi) (= 1, . . . , x; i = 1,2) denote the loop component of F (x) ∩ ∂V i2 which contains the
image of P (respectively Q) of F ∩ ∂M2. We denote the points P i ∩ ∂Di and Qi ∩ ∂Di
by pi and q
i
, respectively. Fig. 9 illustrates Di .





+1. Then F (x) is isotopic in c(Mϕ −N(Kϕn )) to F ′ which satisfies the
condition (∗) and C(F ′) < C(F).
Proof. Let d be the corresponding outermost disc on Di . Isotope F (x) back to F . Then the
image of d is a ∂-compressing disc of F ∩M2 towards ∂0Λn2 in Λn2 . The same arguments
as in the proof of Lemma 4.2 prove this lemma. ✷
By Lemma 4.4, an outermost arc of Di ∩ F (x) on Di connects either pi1 and qi1, or pix
and qix . Let rx be an outermost arc of Di ∩ F (x) on Di which connects pix and qix . Since
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F (x) ∩M2 is incompressible in Λn, similar arguments as in the proof of Lemma 4.2 show2
that the component of F (x) ∩M2 which contains rx is an annulus which is ∂-parallel into
c(∂V i2 − A2). Note that the intersections of this annulus component with Di consists of
two outermost arcs on Di , each of which connects pix and qix . Let r1 be an outermost arc of
Di ∩F (x) on Di which connects pi1 and qi1. Since F (x) ∩M2 is incompressible in Λn2 and
F (x) ∩A2 = ∅, similar arguments as in the proof of Lemma 4.2 show that the component
of F (x) ∩M2 which contains r1 is an annulus which is isotopic to A2 in V i2 . Note that
the intersections of this annulus component with Di consists of two outermost arcs on Di ,
each of which connects pi1 and q
i
1.
Lemma 4.5. Suppose that there is an outermost arc ri of Di ∩F (x) on Di which connects
pix and qix for i = 1 and 2. Then F is compressible in c(Mϕ −N(Kϕn )).
Proof. Let Ri (i = 1,2) denote the annulus component of F (x) ∩M2 which contains ri .
Let Hx be the component of F (x) ∩ M1 which contains the image of hxt of F ∩M1.
Isotope R1 and R2 into Λ1 along their ∂-parallelisms in Λn2 . Then a connected surface
Hx ∪R1 ∪R2 = F (x) is isotoped to a surface F ′ in Λ1. This surface F ′ is isotopic to ∂Λ1
in Λ1, and F ′ is compressible in Λ1 and in c(Mϕ −N(Kϕn )). Since F is isotopic to F ′ in
c(Mϕ −N(Kϕn )), F is compressible in c(Mϕ −N(Kϕn )). ✷
Lemma 4.6. Suppose that there is an outermost arc ri of Di ∩F (x) on Di which connects
pi1 and q
i
1 for i = 1 and 2. Then F is compressible in c(Mϕ −N(Kϕn )).
Proof. Let Ri (i = 1,2) denote the annulus component of F (x) ∩M2 which contains ri .
Let R denote the solid torus in M2 cobounded by R1, R2 and two subsurfaces of ∂M2 such
thatR containsA2. Note thatR realizes a parallelism betweenR1 and R2 in M2. Let H 1 be
the component of F (x)∩M1 which contains the image of h1t of F ∩M1. Then the connected
surface H 1 ∪ R1 ∪ R2 = F (x) is isotopic to ∂(R ∪ N(k1;M1)) in c(Mϕ − N(Kϕn )).
A meridian disc of R which is disjoint from kn2 is a compressing disc of the surface
∂(R ∪ N(k1;M1)) in c(Mϕ − N(Kϕn )). Since F is isotopic to ∂(R ∪ N(k1;M1)) in
c(Mϕ −N(Kϕn )), F is compressible in c(Mϕ −N(Kϕn )). ✷
We may assume, by Lemmas 4.5 and 4.6, that an outermost arc of Di ∩ F (x) connects
pix and qix , and that an outermost arc of Dk ∩ F (x) connects pk1 and qk1 for (i, k)= (1,2)
or (2,1).
Lemma 4.7. Suppose that there are exactly two outermost arcs ofDi∩F (x) onDi for i = 1
and 2. Suppose also that each of the two outermost arcs of D1 ∩ F (x) on D1 connects p1x
and q1x , and that each of the two outermost arcs of D2 ∩ F (x) on D2 connects p21 and q21 .
Then F is compressible in c(Mϕ −N(Kϕn )).
Proof. Let R2 denote the component of F (x) ∩ V 22 which contains the two outermost
arcs of D2 ∩ F (x) on D2. This component R2 is an annulus isotopic to A2 in V 22 . The
component of F (x) ∩ V 12 which contains the two outermost arcs of D1 ∩ F (x) on D1 is
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an annulus which is ∂-parallel into c(∂V 1 −A2). Since there are exactly two outermost2
arcs of D1 ∩ F (x) on D1, every component of D1 ∩ F (x) on D1 is an arc connecting p1
and q1 (= 1, . . . , x) and is isotopic into c(∂D1 − (A2 ∩D1)). Similar arguments as in
the proof of Lemma 4.2 prove that every component of F (x) ∩ V 12 is an annulus which is
∂-parallel into c(∂V 12 − A2). Let R1 be the component of F (x) ∩ V 12 such that R1 ∩D1




. Let H 1 be the component of
F (x) ∩M1 which contains the image of h1t of F ∩M1. Then H 1 ∪R1 ∪R2 is a connected
surface F (x).
Let δ be a disc embedded in M1 such that δ ∩ F (x) = ∂δ ∩ H 1 = ∂δ, and that k1
intersects δ transversely in one point. Perform a compression of H 1 along δ. Then H 1
is changed to two annuli H 1p and H 1q in M1 such that H 1p and H 1q are ∂-parallel to
N(∂pA2; ∂M2) and N(∂qA2; ∂M2) on ϕ(∂M2)= ∂M1, respectively, and F (x) is changed
to F˜ such that Kϕn intersects F˜ transversely in two points. The arc k1 intersects each
of H 1p and H 1q transversely in one point. Since R2 is isotopic to A2 in V 22 , we can
isotope H 1p ∪ H 1q ∪ R2 into V 12 . Then the union F˜ = H 1p ∪ H 1q ∪ R1 ∪ R2 is isotopic to
∂N(V 12 ;Mϕ) in Mϕ . It follows that F (x) is isotopic in c(Mϕ − N(Kϕn )) to the surface
∂(N(V 12 ;Mϕ) ∪ N(k1;M1)). Choose a meridian disc ∆ of V 12 so that ∂∆ ∩ kn2 = ∅.
By enlarging the disc ∆ in c(Mϕ − N(Kϕn )), we obtain a compressing disc of the
surface ∂(N(V 12 ;Mϕ) ∪ N(k1;M1)) in c(Mϕ − N(Kϕn )). Since F is isotopic to the




This completes the proof of Proposition 4.1. ✷
4.2. The case where F1 consists of annuli of types ht and hs
Proposition 4.8. Suppose that F1 consists of annuli of types ht and hs in M1. Then F is
isotopic in c(Mϕ −N(Kϕn )) to F ′ which satisfies the condition (∗) and C(F ′) < C(F).
Proof. Let ρ1t , . . . , ρxt and ρ1s , . . . , ρ
y
s be simple closed curves of types ρt and ρs ,
respectively, which are numbered consecutively on c(Σ1 − N(k1 ∩ Σ1;Σ1)). Fig. 10
illustrates the images of these simple closed curves on the once-punctured disc Θ . Let hit
and hjs (i = 1, . . . , x; j = 1, . . . , y) denote the annuli of types ht and hs in Λ1 which are
I-bundles over ρit and ρ
j











s separates the torus ∂M1 to 2y annuli C1, . . . ,C2y .
Suppose ϕ(Γ τ2 )=Φ1Γ τ1 +Φ2Γ λ1 , where Φ1 = 0 and Φ2 = 0 are integers. Recall that the
simple closed curves ∂Aτ1 and ∂h
j
s represent the slopes Γ τ1 and Γ
λ
1 on ∂M1, respectively.
Since Φ1 = 0 and Φ2 = 0, each component of ∂A2 intersects ∂Aτ1 and ∂hjs on the torus
ϕ(∂M2) = ∂M1. We may isotope ∂A2 on ϕ(∂M2) = ∂M1 so that every intersection of
∂A2 with Cα (α = 1, . . . ,2y) is an essential arc on Cα , and that each component of ∂A2
intersects one component of ∂hit (i = 1, . . . , x) twice transversely and does not intersect
the other component of ∂hit . Since F2 is incompressible in Λn2, we may assume that every
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component of F ∩A2 on A2 is a properly embedded arc disjoint from the arc kn2 . The same
arguments as in the proof of Lemma 4.2 prove the following lemma.
Lemma 4.9. Suppose that there is an outermost arc of F ∩ A2 on A2 which connects a
point of ∂A2 ∩ ∂hit and a point of ∂A2 ∩ ∂hi+1t . Then F is isotopic in c(Mϕ −N(Kϕn )) to
F ′ which satisfies the condition (∗) and C(F ′) < C(F).
Lemma 4.10. Suppose that there is an outermost arc r of F ∩A2 on A2 which connects a
point of ∂A2 ∩ ∂hjs and a point of ∂A2 ∩ ∂hj+1s . Then F is isotopic in c(Mϕ −N(Kϕn ))
to F ′ which satisfies the condition (∗) and C(F ′) < C(F).
Proof. Let d be the corresponding outermost disc on A2 cobounded by r and a subarc
of ∂A2. Isotope F along d to F ′. Then the component of F ′ ∩M1 which contains the
images of hjs and hj+1s is a twice-punctured disc h′. An I-bundle (d ∩ ∂M2)× I over the
arc d ∩ ∂M2 in M1 = Σ1×˜I is a disc which intersects h′ in an arc. A subdisc d ′ of the
disc (d ∩ ∂M2)× I in M1 is a ∂-compressing disc of h′ towards ∂0Λ1 in Λ1. Isotope F ′
to F ′′ along d ′. Then h′ is changed to an annulus h′′ of F ′′ ∩M1 such that h′′ is an I-
bundle over a circle ρ on Σ1, and that ρ bounds a disc on the once-punctured Klein bottle
c(Σ1−N(k1∩Σ1;Σ1)). See Fig. 11(1). Since F ′′ is incompressible in c(Mϕ−N(Kϕn )),
we can isotope F ′′ to F ′′′ so that F ′′′ ∩M1 consists of y− 2 annuli of type hs and x annuli
of type ht . Therefore F ′′′ satisfies the condition (∗) and C(F ′′′) < C(F). ✷
Lemma 4.11. Suppose that there is an outermost arc of F ∩ A2 on A2 which connects a
point of ∂A2 ∩ ∂h1s and a point of ∂A2 ∩ ∂hys . Then F is isotopic in c(Mϕ −N(Kϕn )) to
F ′ which satisfies the condition (∗) and C(F ′) < C(F).




Proof. By similar isotopies as in the proof of Lemma 4.10, we may isotope F to F ′ so
that the component h′ of F ′ ∩M1 which contains the images of h1s and hys is an I-bundle
over a circle ρ on Σ1. See Fig. 11(2). This circle ρ is isotopic to ∂N(k1 ∩ Σ1;Σ1) on
c(Σ1 −N(k1 ∩Σ1;Σ1)), so h′ is an annulus of type ht in M1. Then F ′ ∩M1 consists of
y − 2 annuli of type hs and x + 1 annuli of type ht . Therefore F ′ satisfies the condition
(∗) and C(F ′) < C(F). ✷
Lemma 4.12. Suppose that there is an outermost arc of F ∩ A2 on A2 which connects
a point of ∂A2 ∩ ∂hxt and a point of ∂A2 ∩ ∂hjs (j = 1 or y). Then F is isotopic in
c(Mϕ −N(Kϕn )) to F ′ which satisfies the condition (∗) and C(F ′) < C(F).
Proof. By similar isotopies as in the proof of Lemma 4.10, we may isotope F to F ′ so that
the component h′ of F ′ ∩M1 which contains the images of hxt and hjs is an I-bundle over a
circle ρ on Σ1. See Fig. 11(3). This circle ρ is isotopic to a simple closed curve of type ρs
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on c(Σ1 −N(k1 ∩Σ1;Σ1)), so h′ is an annulus of type hs in M1. Then F ′ ∩M1 consists
of y annuli of type hs and x − 1 annuli of type ht . Therefore F ′ satisfies the condition (∗)
and C(F ′) < C(F). ✷
By Lemmas 4.9–4.12, we may assume that there is no outermost arc of F ∩A2 on A2,
that is, every component of F ∩A2 is an essential arc on A2. The same arguments as in the
proof of Lemma 4.3 prove that there is no annulus of type ht in M1. Then the construction
of Mϕ shows that F2 is ∂-compressible towards ∂0Λn2 in Λ
n
2 .
Let∆ denote a ∂-compressing disc of F2 towards ∂0Λn2 in Λ
n
2. We suppose that |∆∩A2|
is minimal among all ∂-compressing discs ∆ of F2 towards ∂0Λn2. The minimality of|∆ ∩ A2| implies that there is no loop component of ∆ ∩ A2. Let r∆ denote an arc of
∆∩A2 on ∆, and rA denote the corresponding arc of ∆∩A2 on A2.
Lemma 4.13. Let u be an arc of F ∩A2 on A2. Suppose that rA and a subarc of u cobound
a disc dA on A2. Then there is a ∂-compressing disc ∆′ of F2 towards ∂0Λn2 satisfying|∆′ ∩A2|< |∆∩A2|.
Proof. Without loss of generality, we may assume (intdA) ∩ ∆ = ∅. The arc r∆ and a
subarc of ∂∆ ∩ F2 cobound a disc d∆ on ∆. Since F2 is incompressible in Λn2, the circle
∂(dA ∪ d∆) bounds a disc dF on F2. Isotope ∆ to ∆′ along the 3-ball cobounded by
dA ∪ d∆ ∪ dF . Then we have |∆′ ∩A2|< |∆∩A2|. ✷
Lemma 4.14. Let u1 and u2 be arcs of F ∩ A2 on A2 such that u1 and u2 together
with two subarcs of ∂A2 cobound a disc du on A2, and that (intdu) ∩ F2 = ∅ and
du ∩ kn2 = ∅. Suppose that rA connects a point on u1 and a point on u2. Then F is isotopic
in c(Mϕ −N(Kϕn )) to F ′ which satisfies the condition (∗) and C(F ′) < C(F).
Proof. The arc r∆ together with a subarc of ∂∆ ∩ F2 cobounds a disc d∆ on ∆. We may
assume (intd∆) ∩A2 = ∅ by Lemma 4.13. Isotope F to F ′ along d∆. Then there are two
inessential arcs of F ′ ∩ A2 on A2. Lemmas 4.10 and 4.11 show that F ′ is isotopic in
c(Mϕ −N(Kϕn )) to F ′′ which satisfies the condition (∗) and C(F ′′) < C(F). ✷
Lemma 4.15. Let u be an arc of F ∩ A2 on A2. Suppose that rA connects a point on u
and a point on ∂A2. Then there is a ∂-compressing disc ∆′ of F2 towards ∂0Λn2 satisfying|∆′ ∩A2|< |∆∩A2|.
Proof. The arc rA and a subarc of u together with a subarc of ∂A2 cobound a disc dA
on A2. Isotope ∆ along dA. Then ∆ is changed to two discs ∆′ and ∆′′. Since ∆ is a ∂-
compressing disc of F2 towards ∂0Λn2, at least one of ∆
′ and ∆′′ is a ∂-compressing disc
of F2 towards ∂0Λn2. By the construction of ∆
′ and ∆′′, we have |∆′ ∩A2|< |∆∩A2| and
|∆′′ ∩A2 |< |∆∩A2|. ✷
Lemma 4.16. Suppose that rA connects two points on a component of ∂A2. Then there is
a ∂-compressing disc ∆′ of F2 towards ∂0Λn2 satisfying |∆′ ∩A2|< |∆∩A2|.
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Proof. The arc rA together with a subarc of ∂A2 cobounds a disc dA on A2, and the arc r∆
together with a subarc of ∂∆∩ ∂0Λn2 cobounds a disc d∆ on ∆. Without loss of generality,
we may assume (intdA)∩∆= ∅. Since ∂M2 is incompressible in M2, the circle ∂(dA∪d∆)
on ∂M2 bounds a disc dΛ on ∂M2. The union dA∪d∆∪dΛ bounds a 3-ball V in M2. Since
kn2 is an essential arc of A2, k
n
2 is disjoint from V and dΛ. So dΛ is contained in ∂0Λn2.
Isotope ∆ to ∆′ along V . Then we have |∆′ ∩A2|< |∆∩A2|. ✷
Lemma 4.17. An arc rA does not connect a point on a component of ∂A2 and a point on
the other component of ∂A2.
Proof. Suppose that there is an arc rA which connects a point on a component of ∂A2 and
a point on the other component of ∂A2. The arc r∆ together with a subarc of ∂∆ ∩ ∂0Λn2
cobounds a disc d∆ on ∆. This disc d∆ shows that A2 is ∂-compressible towards ∂0Λn2 in
Λn2. This is a contradiction. ✷
By Lemmas 4.13–4.17, we may assume ∆ ∩ A2 = ∅. The torus ∂M2 is separated to
discs by loops F ∩ ∂M2 =⋃yj=1 ∂hjs and ∂A2. The boundary of each disc consists of
two subarcs of ∂F2 and two subarcs of ∂A2. The arc ∆ ∩ ∂0Λn2 is contained in one of
these discs because ∆ ∩ A2 = ∅. Since ∆ is a ∂-compressing disc of an incompressible
surface F2 towards ∂0Λn2 in Λ
n
2, the arc ∆ ∩ ∂0Λn2 separates the disc to two components,
each of which contains one subarc of ∂A2. Therefore ∆∩ ∂0Λn2 is an essential arc on one
of the annuli C1, . . . ,C2y . Similar arguments as in the proof of Lemmas 4.10 and 4.11
prove that F is isotopic in c(Mϕ − N(Kϕn )) to F ′ which satisfies the condition (∗) and
C(F ′) < C(F). This completes the proof of Proposition 4.8. ✷
4.3. The case where F1 consists of annuli of types ht , h1c and h2c
Proposition 4.18. Suppose that F1 consists of annuli of types ht , h1c and h2c in M1. Then F
is isotopic in c(Mϕ −N(Kϕn )) to F ′ which satisfies the condition (∗) and C(F ′) < C(F).




2 , . . . , ρ
z
2 be simple closed curves of types ρt , ρ
1
c ,
ρ2c on c(Σ1 −N(k1 ∩Σ1;Σ1)), respectively, which are numbered consecutively. Fig. 12




2 (i = 1, . . . , x;
j = 1, . . . , y; k = 1, . . . , z) denote the annuli of types ht , h1c , h2c in Λ1 which are I-bundles













The union of 2(y + z) circles ⋃yj=1 ∂hj1 and ⋃zk=1 ∂hk2 separates the torus ∂M1 to
2(y + z) annuli C1, . . . ,C2(y+z). Suppose ϕ(Γ τ2 ) = Φ1Γ τ1 + Φ2Γ λ1 , where Φ1 = 0 and
Φ2 = 0 are integers. Recall that each of the simple closed curves ∂Aτ1 , ∂hj1 and ∂hk2





k=1 ∂hk2 on the torus ϕ(∂M2) = ∂M1. Note that a component of ∂Aτ1
together with a component of ∂hj1 or ∂h
k
2 cobounds an annulus on ∂M1. We may isotope
∂A2 on ϕ(∂M2) = ∂M1 so that every intersection of ∂A2 with Cα (α = 1, . . . ,2(y + z))
is an essential arc on Cα , and that each component of ∂A2 intersects one component of
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∂hit (i = 1, . . . , x) twice transversely and does not intersect the other component of ∂hit .
Since F2 is incompressible in Λn2 , we may assume that every component of F ∩A2 on A2
is a properly embedded arc disjoint from the arc kn2 . Similar arguments as in the proofs of
Lemmas 4.2, 4.10 and 4.11 prove the following five lemmas.
Lemma 4.19. Suppose that there is an outermost arc of F ∩ A2 on A2 which connects a
point of ∂A2 ∩ ∂hit and a point of ∂A2 ∩ ∂hi+1t . Then F is isotopic in c(Mϕ −N(Kϕn )) to
F ′ which satisfies the condition (∗) and C(F ′) < C(F).
Lemma 4.20. Suppose that there is an outermost arc of F ∩ A2 on A2 which connects
a point of ∂A2 ∩ ∂hj1 (respectively ∂A2 ∩ ∂hk2) and a point of ∂A2 ∩ ∂hj+11 (respectively
∂A2 ∩ ∂hk+12 ). Then F is isotopic in c(Mϕ −N(Kϕn )) to F ′ which satisfies the condition
(∗) and C(F ′) < C(F).
Lemma 4.21. Suppose that z  1 (respectively y  1) and there is an outermost arc of
F ∩A2 on A2 which connects two points of ∂A2 ∩ ∂h11 (respectively ∂A2 ∩ ∂h12). Then F
is isotopic in c(Mϕ −N(Kϕn )) to F ′ which satisfies the condition (∗) and C(F ′) < C(F).
Lemma 4.22. Suppose that there is an outermost arc of F ∩ A2 on A2 which connects a
point of ∂A2 ∩ ∂hy1 and a point of ∂A2 ∩ ∂hz2. Then F is isotopic in c(Mϕ −N(Kϕn )) to
F ′ which satisfies the condition (∗) and C(F ′) < C(F).
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Lemma 4.23. Suppose that there are no annuli of type h2c (respectively of type h1c ), and
that there is an outermost arc of F ∩ A2 on A2 which connects two points of ∂A2 ∩ ∂hy1
(respectively ∂A2 ∩ ∂hz2). Then F is isotopic in c(Mϕ −N(Kϕn )) to F ′ which satisfies the
condition (∗) and C(F ′) < C(F).
Lemmas 4.19–4.23 show that if there is an outermost arc of F ∩A2 on A2, then the arc
connects either a point of ∂A2 ∩ ∂hxt and a point of ∂A2 ∩ ∂hy1 , or a point of ∂A2 ∩ ∂hxt
and a point of ∂A2 ∩ ∂hz2.
Lemma 4.24. Suppose that there is an outermost arc of F ∩ A2 on A2 which connects
either a point of ∂A2 ∩ ∂hxt and a point of ∂A2 ∩ ∂hy1 , or a point of ∂A2 ∩ ∂hxt and a
point of ∂A2 ∩ ∂hz2. Then F is compressible in c(Mϕ − N(Kϕn )), or F is isotopic in
c(Mϕ −N(Kϕn )) to F ′ which satisfies the condition (∗) and C(F ′) < C(F).
Proof. Let ∂pA2 and ∂qA2 denote the components of ∂A2. Suppose that there is an
outermost arc rp of F ∩A2 on A2 which cobounds a disc dp on A2 together with a subarc
of ∂pA2. Since the number of points ∂pA2 ∩ ∂F2 is equal to that of ∂qA2 ∩ ∂F2, there is an
outermost arc rq of F ∩A2 on A2 which cobounds a disc dq on A2 together with a subarc
of ∂qA2.
Suppose first that rp connects a point of ∂pA2 ∩ ∂hxt and a point of ∂pA2 ∩ ∂hy1 , and
that rq connects a point of ∂qA2 ∩ ∂hxt and a point of ∂qA2 ∩ ∂hy1 . First suppose that both
dp ∩ ∂0Λn2 and dq ∩ ∂0Λn2 are contained in ∂V 11 . An arc on hxt , an arc on hy1 together with
the arcs rp and rq cobound a disc d in c(Mϕ −N(Kϕn )) such that d ∩ F = ∂d . We can
find a simple closed curve on hxt which intersects ∂d transversely in exactly one point. This
shows that d is a compressing disc of F in c(Mϕ −N(Kϕn )). Next suppose that there is
no annulus of type h2c in V 21 , and that (dp ∩ ∂0Λn2)∩ ∂V 21 = ∅ and (dq ∩ ∂0Λn2)∩ ∂V 21 = ∅.
The same arguments as above show that F is compressible in c(Mϕ −N(Kϕn )). Finally
suppose that dp ∩ ∂0Λn2 is contained in ∂V 11 , that there is no annulus of type h2c in V 21 , and
that (dq ∩∂0Λn2)∩∂V 21 = ∅. Similar arguments as in the proof of Lemma 4.10 show that F
is isotopic in c(Mϕ−N(Kϕn )) to F ′ which satisfies the condition (∗) and C(F ′) < C(F).
See Fig. 13(1).
Suppose next that rp connects a point of ∂pA2 ∩ ∂hxt and a point of ∂pA2 ∩ ∂hy1 , and
that rq connects a point of ∂qA2 ∩ ∂hxt and a point of ∂qA2 ∩ ∂hz2. Similar arguments as in
the proof of Lemma 4.10 show that F is isotopic in c(Mϕ−N(Kϕn )) to F ′ which satisfies
the condition (∗) and C(F ′) < C(F). See Fig. 13(2). ✷
By Lemmas 4.19–4.24, there is no outermost arc of F ∩ A2 on A2, that is, every
component of F ∩ A2 is an essential arc on A2. Then the same arguments as in the
proof of Lemma 4.3 prove that there is no annulus of type ht in M1. The construction
of Mϕ shows that F2 is ∂-compressible towards ∂0Λn2 in Λ
n
2 . Let ∆ be a ∂-compressing
disc of F2 towards ∂0Λn2 in Λ
n
2. The same arguments as in the proofs of Lemmas 4.13–
4.17 show ∆ ∩ A2 = ∅. Note that loops F ∩ ∂M2 = (⋃yj=1 ∂hj1) ∪ (⋃zk=1 ∂hk2) and ∂A2
separate the torus ∂M2 to discs. Similar arguments as in the proofs of Proposition 4.8 and
Lemmas 4.20–4.23 prove that F is isotopic in c(Mϕ −N(Kϕn )) to F ′ which satisfies the
condition (∗) and C(F ′) < C(F). This completes the proof of Proposition 4.18. ✷




Proposition 4.25. Suppose that F1 consists of annuli of types ht and h(2,2m) in M1.
Then F is isotopic in c(Mϕ − N(Kϕn )) to F ′ which satisfies the condition (∗) and
C(F ′) < C(F).
Proof. Let ρ1t , . . . , ρxt and ρ1, . . . , ρy be simple closed curves of types ρt and ρ(2,2m)
on c(Σ1 − N(k1 ∩ Σ1;Σ1)), respectively, which are numbered consecutively. Fig. 14
illustrates the images of these curves on Θ . Let hit and hj (i = 1, . . . , x; j = 1, . . . , y)
denote the annuli of types ht and h(2,2m) in Λ1 which are I-bundles over ρit and ρj ,





Let γ1 and γ2 be simple closed curves on ϕ(∂M2)= ∂M1, each of which represents the
slope Γ λ1 . Suppose that each of γ1 and γ2 contains one of the two points K
ϕ
n ∩ ∂M1. Let γc
denote a simple closed curve on ϕ(∂M2)= ∂M1 which represents the slope Γ τ1 . Suppose
that γc is disjoint from ∂Aτ1, and that each of γ1 and γ2 intersects γc transversely in one
point. We assume that the simple closed curves γ1 and γ2 are given orientations which
are induced from an orientation of an annulus cobounded by γ1 and γ2 on the torus ∂M1.
The construction of a simple closed curve of type ρ(2,2m) on c(Σ1 −N(k1 ∩Σ1;Σ1)),
described at the end of Section 3, shows that a component of ∂hj on ∂0Λ1 is obtained from
γc by isotoping the arcs γc ∩ N(γ1; ∂M1) and γc ∩ N(γ2; ∂M1) along γ1 and γ2 in the
positive directions, say, of γ1 and γ2, respectively, on ∂M1 so that the arc γc ∩N(γk; ∂M1)
(k = 1,2) passes the point γk ∩ (Kϕn ∩ ∂M1) (m+ 1) times.
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The union of 2y circles
⋃y
j=1 ∂hj separate the torus ∂M1 to 2y annuli C1, . . . ,C2y .
Suppose ϕ(Γ τ2 )=Φ1Γ τ1 +Φ2Γ λ1 , where Φ1 = 0 and Φ2 = 0 are integers. Since Φ2 = 0,
each component of ∂A2 intersects ∂Aτ1 and
⋃y
j=1 ∂ρj on the torus ϕ(∂M2)= ∂M1. Isotope
∂A2 on ϕ(∂M2) = ∂M1 so that each component of ∂A2 intersects one component of
∂hit (i = 1, . . . , x) twice transversely and does not intersect the other component. Isotope
further ∂A2 so that every component of the intersections of ∂A2 with Cα (α = 1, . . . ,2y)
is either an essential arc on Cα or an arc which together with a subarc of ∂Cα cobounds
a disc on Cα containing one of the two points Kϕn ∩ ∂M1. Since F2 is incompressible in
Λn2, we may assume that every component of F ∩A2 on A2 is a properly embedded arc.
Similar arguments as in the proofs of Lemmas 4.2, 4.10 and 4.11 prove the following three
lemmas.
Lemma 4.26. Suppose that there is an outermost arc of F ∩ A2 on A2 which connects a
point of ∂A2 ∩ ∂hit and a point of ∂A2 ∩ ∂hi+1t . Then F is isotopic in c(Mϕ −N(Kϕn )) to
F ′ which satisfies the condition (∗) and C(F ′) < C(F).
Lemma 4.27. Suppose that there is an outermost arc of F ∩ A2 on A2 which connects a
point of ∂A2 ∩ ∂hj and a point of ∂A2 ∩ ∂hj+1. Then F is isotopic in c(Mϕ −N(Kϕn ))
to F ′ which satisfies the condition (∗) and C(F ′) < C(F).
Lemma 4.28. Suppose that y > 1 and there is an outermost arc of F ∩ A2 on A2 which
connects two points of ∂A2 ∩ ∂h1. Then F is isotopic in c(Mϕ − N(Kϕn )) to F ′ which
satisfies the condition (∗) and C(F ′) < C(F).
Lemma 4.29. Suppose that there is an outermost arc of F ∩ A2 on A2 which connects
two points of ∂A2 ∩ ∂hy . Then F is isotopic in c(Mϕ −N(Kϕn )) to F ′ which satisfies the
condition (∗) and C(F ′) < C(F).
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Proof. Let r denote an outermost arc of F ∩ A2, and dr denote the corresponding
outermost disc on A2. Suppose that the arc dr ∩ ∂0Λn2 on ϕ(∂M2) = ∂M1 is contained
in an annulus Cα .
First suppose that dr ∩ Cα is an essential arc on Cα . Similar arguments as in the proof
of Lemma 4.11 prove that F is isotopic in c(Mϕ − N(Kϕn )) to F ′ which satisfies the
condition (∗), and that F ′ ∩M1 consists of x+1 annuli of type ht and y−1 annuli of type
h(2,2m). Therefore we have C(F ′) < C(F).
Next suppose that the arc dr ∩ Cα together with a subarc of Cα cobounds a disc δr on
Cα . Note that δr contains one of the two points Kϕn ∩ ∂M1. By similar isotopies as in the
proof of Lemma 4.10, we may isotope F to F ′ so that the annulus hy is changed to a union
of an annulus of type ht and an annulus hˆ of type h(2,2m − 2). If m = 0, then hˆ is an
annulus of type hc . See Fig. 15, where we assume that hˆ is an I-bundle over a circle ρˆ on
c(Σ1−N(k1∩Σ1;Σ1)). It follows that F ′ ∩M1 consists of x+1 annuli of type ht , y−1
annuli of type h(2,2m) and one annulus of type h(2,2m− 2) (one annulus of type hc if
m= 0). This shows that F ′ satisfies the condition (∗) and C(F ′) < C(F). ✷
The same arguments as in the proof of Lemma 4.24 prove the following lemma.
Lemma 4.30. Suppose that there is an outermost arc of F ∩ A2 on A2 which connects
a point of ∂A2 ∩ ∂hxt and a point of ∂A2 ∩ ∂hy . Then either F is compressible in
c(Mϕ −N(Kϕn )) or F is isotopic in c(Mϕ −N(Kϕn )) to F ′ which satisfies the condition
(∗) and C(F ′) < C(F).
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By Lemmas 4.26–4.30, every component of F ∩ A2 is an essential arc on A2. The
same arguments as in the proof of Lemma 4.3 prove that there is no annulus of type ht
in M1. The construction of Mϕ shows that F2 is ∂-compressible towards ∂0Λn2 in Λ
n
2.
Similar arguments as in the proofs of Proposition 4.8 and Lemmas 4.27–4.29 prove that F
is isotopic in c(Mϕ−N(Kϕn )) to F ′ which satisfies the condition (∗) and C(F ′) < C(F).
This completes the proof of Proposition 4.25. ✷
Similar arguments as in the proofs of Propositions 4.8, 4.18 and 4.25 prove the following
two propositions.
Proposition 4.31. Suppose that F1 consists of annuli of types ht , h(2,2m) and h(2,2m+2)
in M1. Then F is isotopic in c(Mϕ −N(Kϕn )) to F ′ which satisfies the condition (∗) and
C(F ′) < C(F).
Proposition 4.32. Suppose that F1 consists of annuli of types ht , h1c , h2c and h(2,0) in
M1. Then F is isotopic in c(Mϕ − N(Kϕn )) to F ′ which satisfies the condition (∗) and
C(F ′) < C(F).
By Propositions 3.9, 4.1, 4.8, 4.18, 4.25, 4.31 and 4.32, we may assume F ∩M1 = ∅.
Hence F is contained in Λn2. Since Λ
n
2 is a genus two handlebody, a closed embedded
surface F is compressible in Λn2 and in c(M
ϕ−N(Kϕn )). This contradicts our supposition
that F is essential in c(Mϕ −N(Kϕn )). This completes the proof that Kϕn is small in Mϕ .
Theorem VI.34 in [11] and the same arguments as in Section 4.1–4.3 prove the
following proposition, which proves Theorem 2.5(iii).
Proposition 4.33. Let Mϕ be a sapphire space which satisfies Φ1Φ2Φ3Φ4 = 0. Then every
closed orientable essential surface embedded in Mϕ is isotopic to the torus ϕ(∂M2) =
∂M1, that is, the torus ϕ(∂M2)= ∂M1 is the only one closed orientable essential surface
embedded in Mϕ .
4.5. The knot Kϕn is hyperbolic in Mϕ
Proposition 4.34. The knot Kϕn is hyperbolic in Mϕ .
Proof. Suppose, for a contradiction, that Kϕn is not hyperbolic in Mϕ . Since Kϕn is small
in Mϕ , the manifold X = c(Mϕ −N(Kϕn )) admits a Seifert fibration over the disc with at
most two singular points. Let X(r) denote the manifold which is obtained from X by Dehn
filling along ∂X with slope r . It follows that Mϕ is homeomorphic to X(r) for some slope
r . Let r denote a slope on ∂X such that X(r) is homeomorphic to Mϕ . Since X admits
a Seifert fibration as above, this 3-manifold X(r) either admits a Seifert fibration over
the 2-sphere with at most three singular points, or is a connected sum of two lens spaces.
Since Mϕ is irreducible by Remark 2.2, we may assume that Mϕ ∼=X(r) admits a Seifert
fibration over the 2-sphere with at most three singular points. It follows from Remark 1.8
in [17] that at least one of Φ1, Φ2, Φ3 and Φ4 is zero. This contradicts our supposition. ✷
This completes the proof of Theorem 2.5(i). ✷
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5. Proof of Theorem 2.5, IIIn this section, we prove Theorem 2.5(ii). Let ψ denote an orientation-preserving
homeomorphism of a once-punctured torus R to itself. Suppose that ψ is the identity
on N(∂R;R). Let Mψ denote the 3-manifold which is obtained from R × [0,1] by
identifying R × {0} with R × {1} via ψ . Let S be a once-punctured Klein bottle properly
embedded in Mψ . Suppose that, for some s ∈ (0,1), the intersection of S with the fiber
R × {s} consists of two properly embedded arcs in R × {s} such that one of the two arcs
intersects the other transversely in exactly one point in int(R × {s}). Suppose also that
the intersection of S with a fiber R × {t} for t = s consists of two properly embedded
arcs in R × {t} such that they cobound a disc together with two subarcs of ∂(R × {t}).
See Fig. 16(1). We say that a once-punctured Klein bottle S in Mψ is in one-saddle
position with respect to the fibration of Mψ if the intersection of S with the fibration of
Mψ = {R × [0,1] | ψ(R × {1})= R × {0}} satisfies the conditions described above. The
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Proposition 5.1. Suppose that a once-punctured Klein bottle S is properly embedded in
Mψ . Suppose also that there is no essential torus embedded in Mψ . Then S may be isotoped
in Mψ to S′ so that S′ is in one-saddle position with respect to the fibration of Mψ .
Suppose that there are two once-punctured Klein bottles S1 and S2 with S1 ∩ S2 =
∅ in Mψ , and that Mψ = N(S1;Mψ) ∪ N(S2;Mψ) with N(S1;Mψ) ∩ N(S2;Mψ) =
∂N(S1;Mψ) = ∂N(S2;Mψ). Let M̂ψ denote the 3-manifold which is a union of Mψ
and a solid torus V such that the circle ∂S1 on ∂Mψ bounds a meridian disc of V . Let
Ŝj (j = 1,2) denote the Klein bottle in M̂ψ which is obtained from Sj by capping ∂Sj
with a meridian disc of V . It follows that M̂ψ is a union of two twisted I-bundles over
Klein bottles Ŝ1×˜I and Ŝ2×˜I , where the torus ∂(Ŝ1×˜I) is identified with ∂(Ŝ2×˜I) by
an orientation-reversing homeomorphism ϕ. As we noted in Section 2, a twisted I-bundle
over a Klein bottle Ŝj ×˜I admits two Seifert fibrations F τ and Fλ. Let Γ τj (respectively
Γ λj ) denote the slope on ∂(Ŝj ×˜I) to which a fiber of F τ (respectively Fλ) on ∂(Ŝj ×˜I)
belongs. We assume, as in Section 2, that a homeomorphism ϕ : ∂M2 → ∂M1 corresponds




Theorem 5.2. Suppose that there are two once-punctured Klein bottles S1 and S2 in Mψ
such that









Then the element Φ3 of the matrix Φ = [Φ1 Φ2Φ3 Φ4
]
is zero, that is, the slope Γ λ1 on ∂(Ŝ1×˜I)
is identified by ϕ with the slope Γ λ2 on ∂(Ŝ2×˜I).
This theorem proves Theorem 2.5(ii), that is, this shows that the complement c(Mϕ −
N(K
ϕ
n )) in Theorem 2.5 does not admit a once-punctured torus bundle structure over S1.
Proof. We may suppose, by Proposition 5.1, that one of the two once-punctured Klein
bottles S1 and S2, say S1, is isotoped to be in one-saddle position with respect to the
fibration of Mψ . Let δ denote the image of S1 in R × [0,1]. Fig. 16(1) illustrates
configurations of the intersections of δ with non-singular fibers R × {0} and R × {1}, and
with the only one singular fiber R× {s} for s ∈ (0,1). The two arcs δ ∩ (R× {0}) separate
R×{0} to a disc region Q0 and an annulus region Q′0. The two arcs δ∩ (R×{1}) separate
R × {1} to a disc region Q1 and an annulus region Q′1. Note that the two regions Q0 and
Q1 (respectively Q′0 and Q′1) are identified in Mψ .
Let X and Y denote the manifolds in R × [0,1] which are separated by δ such that X
contains Q′0 and Q1, and that Y contains Q0 and Q′1. This manifold X (respectively Y )
is a solid torus such that ∂X (respectively ∂Y ) consists of Q′0, Q1, δ and two subdiscs
of ∂R × [0,1] (respectively Q0, Q′1, δ and two subdiscs of ∂R × [0,1]). See Fig. 17.
The manifold Z = c(Mψ −N(S1)) is obtained from X and Y by identifying Q′0 and Q1
on ∂X with Q′1 and Q0 on ∂Y , respectively. Our supposition shows that Z is a twisted
I-bundle over the once-punctured Klein bottle S2. Since the two loops ∂S1 and ∂S2 are
mutually disjoint and parallel on the torus ∂Mψ , we may assume that ∂S2 intersects each
component of Q1 ∩ ∂Mψ transversely in exactly one point. We may isotope S2 in Mψ so
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that S2 ∩Q1 is a properly embedded arc on Q1 which connects two arc components of
Q1 ∩ ∂Mψ .
Identifying Q′0 on X with Q′1 on Y , we obtain a manifold W . This manifold W is also
obtained from Z by cutting along the disc ψ(Q1)=Q0. Let SW2 be the surface obtained
from S2 by cutting along the arc S2 ∩Q0. This surface SW2 is properly embedded in W , and
our supposition shows N(SW2 ;W)=W . The boundary ∂SW2 is one simple closed curve on
∂W which consists of one properly embedded arc in Q0, one properly embedded arc in
Q1, and one properly embedded arc in each component of W ∩ (∂R × [0,1]). Note that
an I-bundle over a once-punctured orientable surface is not a solid torus. If a twisted I-
bundle over a once-punctured non-orientable surface is a solid torus, then the surface is a
Möbius band. Hence SW2 is a Möbius band. The construction of W shows that the annulus
Q0 ∪Q1 ∪ (W ∩ (∂R × [0,1])), in which ∂SW2 is contained, goes once meridionally on
the boundary of the solid torus W . Therefore, up to isotopy on ∂W , we have two choices
for a configuration of the annulus Q0 ∪Q1 ∪ (W ∩ (∂R× [0,1])) on ∂W according as the
slope of ∂SW2 on ∂W is
1
2 or − 12 . Fig. 18 illustrates W and the corresponding SW2 , where
the slope of ∂SW2 on ∂W is
1
2 . In the following, we study only the case where the slope of
∂SW2 on ∂W is
1
2 . The same arguments as follows work also for the case where the slope
of ∂SW2 on ∂W is − 12 .
Let α be a simple closed curve on SW2 such that S
W
2 is a twisted I-bundle over α. Let β
W
be a properly embedded arc on SW2 which intersects α transversely in exactly one point, and
which connects the arcs SW2 ∩Q0 and SW2 ∩Q1. We can construct an orientation-preserving
non-separating loop β on S2 from the arc βW . This loop β is orientation-preserving and
non-separating also on Ŝ2. We may assume that β is a fiber of the Seifert fibration Fλ
of Ŝ2 ×˜ I . An I-bundle over β in Z is an annulus. Let b1 and b2 denote components of
∂(β× I) on ∂Z. Note that each of b1 and b2 represents the slope Γ λ2 on ∂(Ŝ2 ×˜ I). Let b1W
and b2W be the arcs on ∂W which are the images of b1 and b2, respectively. One of these
two arcs, b1W , is illustrated in Fig. 18.
Fig. 16(2) illustrates the disc δ which is the image of S1 in R × [0,1]. Let ξ0 and ζ0
(respectively ξ1 and ζ1) be the arcs δ ∩ (R× {0}) (respectively δ ∩ (R × {1})) such that ξ0
and ξ1 are identified in S1, and that ζ0 and ζ1 are identified in S1. Let c (respectively c′)
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denote a properly embedded arc on δ which connects ξ0 and ζ1 (respectively ξ1 and ζ0) as
illustrated in Fig. 16(2). We can construct an orientation-preserving non-separating loop ĉ
on S1 from the union of c and c′. This loop ĉ is orientation-preserving and non-separating
also on Ŝ1. We may assume that ĉ is a fiber of the Seifert fibration Fλ of Ŝ1 ×˜ I . Let c1 and
c2 denote components of the boundary of the annulus ĉ× I on ∂(Ŝ1 ×˜ I). Note that each
of c1 and c2 represents the slope Γ λ1 on ∂(Ŝ1 ×˜ I). Let c1X and c2X (respectively c1Y and c2Y )
be the arcs on ∂X (respectively ∂Y ) which are the images of c1 and c2, respectively. One
of these two arcs, c1X (respectively c1Y ), is illustrated in Fig. 17. The arc c1W (respectively
c2W ), which is the image of c1 (respectively c2) on ∂W , is constructed from the union
of c1X and c1Y (respectively c2X and c2Y ). By the construction of the loops c1 and c2, we
may choose c1W and c
2




W is disjoint from W ∩ (∂R × [0,1])
on ∂W .
Isotope c1 on ∂(Ŝ1 ×˜ I) so that c1 intersects each fiber of the fibration Mψ = {R ×
[0,1] | ψ(R × {1}) = R × {0}} transversely in exactly one point, and that the point
c1 ∩ (R × {1}) is identified with the point b1 ∩ (R × {1}) by ϕ. We may suppose that
c1W is disjoint from W ∩ (∂R× [0,1]). Then the construction of W from a union of X and
Y shows that the arc c1W is isotopic fixing its boundary c
1
W ∩ (Q0 ∪Q1) to the arc b1W on
the surface ∂W − (Q0 ∪Q1). This shows that the slope Γ λ1 on ∂(Ŝ1 ×˜ I) is identified with
the slope Γ λ2 on ∂(Ŝ2 ×˜ I) via ϕ. ✷
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